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a b s t r a c t
Although, many exact solutions were obtained for the cubic Schrödinger equation bymany
researchers, we obtained in this research not only more exact solutions but also new types
of exact solutions in terms of Jacobi-elliptic functions and Weierstrass-elliptic function.
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1. Introduction
During the past two decades, much effort has been spent on searching for exact solutions of nonlinear equations due to
their importance in understanding the nonlinear phenomena. In order to achieve this goal, various directmethods have been
proposed, such as the tanh-functionmethod [1–3], the Jacobi-elliptic functionmethod [4–7], the F-expansionmethod [8–11]
and the Exp-function method [12–18]. In this paper, we consider the Schrödinger equation with cubic nonlinearity in the
form
i
∂ψ
∂t
+ ∂
2ψ
∂x2
+Ω|ψ |2ψ = 0, i2 = −1. (1)
The function ψ is a complex-valued function of the spatial coordinate x and time t ,Ω is a real parameter. The Schrödinger
equation occurs in various areas of physics, including nonlinear optics, plasma physics, superconductivity and quantum
mechanics [19,20]. Although, many exact solutions of Eq. (1) were obtained by some authors [15,21,22], we would like to
report new types of exact solutions for the cubic Schrödinger equation. The paper is organized as follows. In Section 2, a direct
algebraic method for constructing exact solutions for Eq. (1) is introduced. In Section 3, some new exact Jacobian-elliptic
function solutions for the Schrödinger equation are reported. In Section 4, many new exact Weierstrass-elliptic function
solutions for Eq. (1) are obtained. The obtained results are discussed in detail in Section 5. We conclude this paper with
Section 6.
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2. Schrödinger equation with cubic nonlinearity
Let us begin our analysis by using the transformation
ψ(x, t) = u(ω)eiαt , ω = λx, (2)
where α and λ are real parameters, then Eq. (1) reduces to an ordinary differential equation, which reads
− αu+ λ2u′′ +Ωu3 = 0, (3)
where prime denotes the differential with respect toω. Here, it should be noted that themultiplicative separable solution in
the form of (2) does not change Eq. (1) into a linear Schrödinger equation, this is because after using such separable solutions
to transform Eq. (1) (nonlinear PDE) into Eq. (3) (nonlinear ODE), Eq. (3) is still nonlinear. We seek its exact solutions in the
form:
u(ω) = a0 +
n−
i=0
a−iF−i(ω)+
n−
i=0
aiF i(ω), (4)
where a−i and ai, {i = 0, 1, 2, . . . , n} are all constants to be determined, n is a positive integer which can be determined by
balancing the nonlinear term u3 with the linear term of highest-order u′′ in Eq. (3) and F(ω) satisfies the following auxiliary
equation
F ′(ω)
2 = PF 4(ω)+ QF 2(ω)+ R. (5)
In Appendices A and B we present 52 types of exact solutions for Eq. (5), (see Refs. [8–11,23] for details). In fact, these
exact solutions can be used to construct new and more exact solutions for Eq. (1) that have not been reported in the
former literature. Now, using ansatz (4) for the linear term of highest-order u′′ and the nonlinear term u3, we have n = 1.
Accordingly, ansatz (4) becomes
u(ω) = a0 + a−1F−1(ω)+ a1F(ω), (6)
where a0, a−1 and a1 are undetermined constants. Substituting (6) with (5) into Eq. (3) and setting the coefficients of F j(ω),
{j = −3,−2,−1, 0, 1, 2, 3} to zero yields the following set of algebraic equations:
F−3(ω) : 2λ2Ra−1 +Ωa3−1 = 0,
F−2(ω) : 3Ωa0a2−1 = 0,
F−1(ω) : 3Ωa1a2−1 + 3Ωa−1a20 + λ2Qa−1 − αa−1 = 0,
F 0(ω) : 6Ωa0a1a−1 +Ωa30 − αa0 = 0,
F 1(ω) : 3Ωa−1a21 + 3Ωa1a20 + λ2Qa1 − αa1 = 0,
F 2(ω) : 3Ωa0a21 = 0,
F 3(ω) : 2λ2Pa1 +Ωa31 = 0.
(7)
Solving the above over-determined nonlinear algebraic equations with the help of Mathematica, we get
a0 = 0, a−1 = 0, a1 = ±iλ

2P
Ω
, α = λ2Q , (8)
or
a0 = 0, a1 = 0, a−1 = ±iλ

2R
Ω
, α = λ2Q , (9)
or
a0 = 0, a1 = ±iλ

2P
Ω
, a−1 = ±iλ

2R
Ω
, α = λ2

Q − 6√PR

, (10)
or
a0 = 0, a1 = ±iλ

2P
Ω
, a−1 = ∓iλ

2R
Ω
, α = λ2

Q + 6√PR

. (11)
Substituting these results firstly into Eq. (6) and then using Eq. (2), we have the following formal solutions of the nonlinear
Schrödinger equation:
Case 1
ψ(x, t) = ±iλ

2P
Ω
F(ω)eiλ
2Qt , ω = λx. (12)
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Case 2
ψ(x, t) = ±iλ

2R
Ω
eiλ
2Qt
F(ω)
. (13)
Case 3
ψ(x, t) = ±iλ

2R
Ω

1
F(ω)
+

P
R
F(ω)

eiλ
2(Q−6√PR)t . (14)
Case 4
ψ(x, t) = ∓iλ

2R
Ω

1
F(ω)
±

P
R
F(ω)

eiλ
2(Q+6√PR)t . (15)
Here, it should be noted that each exact solution given in Eqs. (12)–(14) can split into two exact solutions, i.e., if we choose
the (+ve) and (−ve) signs respectively, but the solution in Eq. (15) splits into two solutions such that the (∓) sign outside
must alternate with the (±) sign inside.
3. New exact Jacobian-elliptic function solutions for Schrödinger equation
With the aid of Appendix A, each formal solution given by Eqs. (12)–(15) give 46 exact solutions of combined Jacobi-
elliptic function type. Although, we do not mention all these exact solutions in this section, we prefer to mention some, for
simplicity. In order to achieve this target, we use the formal solution given by Eq. (14) with (+ve) sign together with the
exact solutions explained in Appendix A. The Cases (26–28, 44–46) only have been considered to obtain the following exact
solutions for the cubic Schrödinger equation:
ψ26(x, t) = iλ

−2Q
(m2 + 1)Ω

sn−1
 −Q
m2 + 1ω

+m sn
 −Q
m2 + 1ω

e
iλ2Q (m2+6m+1)t
m2+1 , P > 0, Q < 0
ψ27(x, t) = iλ

−2Q
(m2 − 2)Ω

1−m2 dn−1

Q
2−m2ω

+ dn

Q
2−m2ω

e
iλ2Q

1− 6
√
1−m2
m2−2

t
,
ψ28(x, t) = iλ

−2Q
(2m2 − 1)Ω

m2 − 1 cn−1

Q
2m2 − 1ω

+m cn

Q
2m2 − 1ω

e
iλ2Q

1− 6m
√
m2−1
2m2−1

t
,
ψ44(x, t) = iλ

1−m2
2Ω

Bcnω + Cdnω√
B2 − C2 +√B2 − C2m2sn ω +
√
B2 − C2 +√B2 − C2m2sn ω
Bcnω + Cdnω

eiλ
2(2−m2)t ,
ψ45(x, t) = iλ
2(B2 + C2m2)Ω
 Bsnω + Cdnω
B2+C2m2−C2
B2+C2m2 + cn ω
+
(B2 + C2m2)

B2+C2m2−C2
B2+C2m2 + cnω

Bsnω + Cdnω
 e−iλ2(1+m2)t ,
ψ46(x, t) = iλ
2(B2 + C2)Ω
 m2(Bsnω + Ccnω)
B2+C2−C2m2
B2+C2 + dnω
+
(B2 + C2)

B2+C2−C2m2
B2+C2 + dnω

Bsnω + Ccnω
 e−iλ2(1+m2)t .
(16)
It is important to note that the exact solutions presented above and expressed in terms of Jacobi-elliptic functions are
considered as all new solutions for the nonlinear Schrödinger equation. The main feature of these exact solutions is the
inclusion of the free parametersQ , B and C . Furthermore, all these exact solutions can be verified easily by direct substitution.
4. New exact Weierstrass-elliptic function solutions for Schrödinger equation
On using the solutions given by Appendix B (these solutions can be found in Ref. [23]) and Eq. (14) with (+ve) sign, we
then have the following exact solutions
ψ47(x, t) = iλ

2
Ω

PR
℘(ω; g2, g3)− 13Q
+

℘(ω; g2, g3)− 13Q

eiλ
2(Q−6
√
PR)t . (17)
ψ49(x, t) = iλ

2
Ω

12℘(ω; g2, g3)+ D
12℘(ω; g2, g3)+ 2(2Q + D)
+

PR[12℘(ω; g2, g3)+ 2(2Q + D)]
12℘(ω; g2, g3)+ D

eiλ
2(Q−6
√
PR)t . (18)
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ψ50(x, t) = iλ

2
Ω

3℘ ′(ω; g2, g3)
6℘(ω; g2, g3)+ Q +
√
PR[6℘(ω; g2, g3)+ Q ]
3℘ ′(ω; g2, g3)

eiλ
2(Q−6
√
PR)t . (19)
ψ52(x, t) = iλ

−1
2ΩQ

℘(ω; g2, g3)+ Q3
℘(ω; g2, g3) +
√
5Q 2℘(ω; g2, g3)
℘(ω; g2, g3)+ Q3

eiλ
2Q(1−
√
5)t . (20)
Here, it is also important to mention that all these Weierstrass-elliptic function solutions are also new for the Schrödinger
equation.
5. General discussion
In this sectionwe discuss our results obtained in the previous sections. Firstly, we show that the exact solutions obtained
by Eqs. (16) are more general than those obtained in [15]. Asm → 0, we can easily get
ψ26(x, t) = iλ
−2Q
Ω
csc
−Qω eiλ2Qt , where α = λ2Q < 0, ω = λx,
= i

−2λ2Q
Ω
csc

λ
−Qx eiαt ,
=

2α
Ω
csc
√−αx eiαt , α < 0, (21)
which is the exact solution obtained in [15] using the exp-function method. Moreover, asm → 1 we obtain
ψ26(x, t) = i
−α
4Ω

coth
−α
8
x

+ tanh
−α
8
x

eiαt , where α = 4λ2Q < 0,
= i
−α
Ω
coth
−α
2
x

eiαt , (22)
which is also obtained in [15]. For more comparison with the exp-function method, we observe from ψ27(x, t) as m → 1
that
ψ27(x, t) = iλ
−2Q sech λQx eiαt , where α = λ2Q > 0,
=

2α
Ω
sech
√
αx

eiαt , α > 0. (23)
This exact solution can be also obtained fromψ28(x, t) asm → 0 and also asm → 1. In order to obtain amore general exact
solution with free parameters, we note from ψ44(x, t) asm → 0 that
ψ44(x, t) = iλ

1
2Ω

B cos(λx)+ C√
B2 − C2 + B sin(λx) +
√
B2 − C2 + B sin(λx)
B cos(λx)+ C

e2iλ
2t , B > 0,
= iB

2λ2
Ω
 B+ C cos(λx)+√B2 − C2 sin(λx)√
B2 − C2 + B sin(λx)

(B cos(λx)+ C)
 e2iλ2t ,
= iB

α
Ω
 B+ C cos( α2 x)+√B2 − C2 sin( α2 x)√
B2 − C2 + B sin( α2 x) B cos( α2 x)+ C
 eiαt , where α = 2λ2. (24)
As we mentioned before, the main feature of this exact solution is the inclusion of the free parameters B and C . Here, we
indicate the possibility of getting the same exact solution obtained in [15] as a special case of the exact solution given by
Eq. (24). For illustration, as C → 0 it follows from Eq. (24) that:
ψ44(x, t) = i

α
Ω
sec

α
2
x

eiαt , α > 0. (25)
It should be also noted that the exact solution given by Eq. (22) can be also obtained from ψ45(x, t) as m → 1 and C → 0.
Moreover, as m → 0 and C → 0 we observe that ψ46(x, t) leads to the exact solution (21). Furthermore, as m → 1 and
C → 0 we can get from ψ46(x, t) the exact solution (22).
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In particular, we know that theWeierstrass-elliptic function can be written in terms of the Jacobi-elliptic cosine function
as ℘(ω; g2, g3) = e2 − (e2 − e3)cn2(√e1 − e3ω), where m2 = e2−e3e1−e3 is the modulus of the Jacobi-elliptic function and
ei (i = 1, 2, 3) are the roots of the cubic equation 4y3 − g2y − g3 = 0 such that e1 ≥ e2 ≥ e3. At m → 1 we get e1 = e2
and this yields g32 − 27g23 = 0 and℘(ω; g2, g3) = e2− (e2− e3) sech2(
√
e2 − e3ω). Let us now investigate theWeierstrass-
elliptic function solution ψ47(x, t), in this case we have from Appendix B; g2 = 43 (Q 2 − 3PR) and g3 = 4Q27 (−2Q 2 + 9PR).
By applying the condition g32 − 27g23 = 0 we can easily obtain (i) P = 0 or (ii) R = 0 or (iii) Q 2 = 4PR. Here we discuss the
third case Q 2 = 4PR which gives g2 = Q 23 and g3 = Q
3
27 . By this we have the three roots e1 = −Q6 , e2 = −Q6 and e3 = −Q6 ,
Q < 0 for the cubic equation 4y3 − Q 23 y− Q
3
27 = 0. Consequently, ℘(ω; g2, g3) = −Q6 + Q3 sech2(

−Q
2 ω) and thus
ψ47(x, t) = iλ

2
Ω


Q 2
4
−Q
2
[
1− sech2

−Q
2 ω
] +
−Q
2

1− sech2
−Q
2
ω
 eiαt , α = 4λ2Q < 0,
= i
−α
4Ω

coth
−α
8
x

+ tanh
−α
8
x

eiαt ,
= i
−α
Ω
coth
−α
2
x

eiαt , (26)
which is the same solution given by Eq. (22). In view of the former discussion, we showed that the Weierstrass-elliptic
function solution degenerated into a cosine Jacobi-elliptic function and then into a hyperbolic function solution obtained
in [15]. In addition, we have from Appendix B for Case 50; g2 = 112Q 2 + PR and g3 = Q216 (−Q 2 + 36PR). By repeating the
same analysis mentioned above we can also obtain ℘(ω; g2, g3) = −Q6 + Q3 sech2(

−Q
2 ω) and hence
ψ50(x, t) = i

2λ2
Ω
−3Q

−Q
2 sech
2

−Q
2 ω

tanh

−Q
2 ω

3Q sech2

−Q
2 ω

−
3Q

Q 2
4 sech
2

−Q
2 ω

3Q

−Q
2 sech
2

−Q
2 ω

tanh

−Q
2 ω

 eiαt ,
= i
−α
Ω
coth
−α
2
x

eiαt , α = 4λ2Q < 0, (27)
which is the same exact solution given by Eq. (22) again.
Let us now conclude our discussion by analyzing our results physically. In quantum mechanics, the complex-valued
functionψ(x, t) is well known as thewave or state function. Notice thatψ(x, t) itself is not ameasurable quantity; however,
|ψ(x, t)|2 is measurable and is just the probability per unit length or probability density. This wave function should be a
single-valued, continuous function of x and t and smooth. It is clear that ψ27(x, t) in Eq. (23) satisfies these conditions and
can be normalized along the x-axis, x ∈] −∞,∞[, i.e.,∫ ∞
−∞
|ψ27(x, t)|2dx = 1. (28)
Normalization is simply a statement that a particle can be found somewhere with certainty. By applying condition (28) we
can easily get α = Ω216 and hence
|ψ27(x, t)|2 = Ω8 sech
2

Ω
4
x

. (29)
In Figs. 1 and 2we present the probability density function |ψ27(x, t)|2 at different values ofΩ . It is shown from these figures
that asΩ increases the probability density function becomes more spread out.
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Fig. 1. Probability density function (29) for the cubic Schrödinger equation at different positive values ofΩ .
Fig. 2. Probability density function (29) for the cubic Schrödinger equation at different negative values ofΩ .
6. Conclusion
In this paper, new types of exact solutions for the Schrödinger equation have been obtained. In comparison with the
exp-function method we showed that the exact solutions obtained in this research are more general. Moreover, they can be
degenerated as soliton-like solutions and trigonometric-function solutions under some limits as indicated in Appendix C.
Although, a multiple number of exact solutions has been given, but the physical meaning for only one has been explained.
As a matter of fact this refers to the existence of some singular points in the Weierstrass-elliptic function solutions, while
at the same time there is no singularity in the solution given by Eq. (29). Moreover, we found difficulties in applying the
normalization condition to the rest of the exact solutions, while it was applied easily to the wave function Ψ27(x, t). In
addition, this solution is the only one that expresses a continuous function in the range ]−∞,∞[which gives the expected
physical meaning. In [22], Yan et al. derived an exact two-soliton solution of the cubic Schrödinger equation by using the
inverse scattering method in the case ofΩ = 2 only. So, we may state here that our results obtained in the current research
are more general than those obtained by [22]. However, Yan [23] studied the higher-order nonlinear Schrödinger equation
which describes the propagation of femtosecond pulses in optical fibers. This higher-order nonlinear Schrödinger equation
is of course more complex than the cubic nonlinear Schrödinger equation and we will consider it in a future work.
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Appendix A
Relations between values of (P,Q , R) and corresponding F(ω) in Eq. (5), where A, B, C are arbitrary constants and
m1 =
√
1−m2.
Case P Q R F(ω)
1 m2 −(1+m2) 1 sn ω
2 m2 −(1+m2) 1 cd ω = cn ω/dn ω
3 −m2 2m2 − 1 1−m2 cn ω
4 −1 2−m2 m2 − 1 dn ω
5 1 −(1+m2) m2 ns ω = (sn ω)−1
6 1 −(1+m2) m2 dc ω = dn ω/cn ω
7 1−m2 2m2 − 1 −m2 nc ω = (cn ω)−1
8 m2 − 1 2−m2 −1 nd ω = (dn ω)−1
9 1−m2 2−m2 1 sc ω = sn ω/cn ω
10 −m2(1−m2) 2m2 − 1 1 sd ω = sn ω/dn ω
11 1 2−m2 1−m2 cs ω = cn ω/sn ω
12 1 2m2 − 1 −m2(1−m2) ds ω = dn ω/sn ω
13 1/4 (1− 2m2)/2 1/4 ns ω ± cs ω
14 (1−m2)/4 (1+m2)/2 (1−m2)/4 nc ω ± sc ω
15 1/4 (m2 − 2)/2 m2/4 ns ω ± ds ω
16 m2/4 (m2 − 2)/2 m2/4 sn ω ± i cn ω
17 m2/4 (m2 − 2)/2 m2/4 √1−m2 sd ω ± cd ω
18 1/4 (1−m2)/2 1/4 m cd ω ± i√1−m2 nd ω
19 1/4 (1− 2m2)/2 1/4 m sn ω ± i dn ω
20 1/4 (1−m2)/2 1/4 √1−m2 sc ω ± dc ω
21 (m2 − 1)/4 (m2 + 1)/2 (m2 − 1)/4 m sd ω ± nd ω
22 m2/4 (m2 − 2)/2 1/4 sn ω1±dn ω
23 1/4 (m2 + 1)/2 (1−m2)2/4 m cn ω ± dn ω
24 (1−m2)2/4 (m2 + 1)/2 1/4 ds ω ± cs ω
25 m
4(1−m2)
2(2−m2)
2(1−m2)
m2−2
1−m2
2(2−m2) dc ω ±
√
1−m2 nc ω
26 P > 0 Q < 0 m
2Q 2
(m2+1)2P

−m2Q
(m2+1)P sn

−Q
m2+1ω

27 P < 0 Q > 0 (1−m
2)Q 2
(m2−2)2P

−Q
(2−m2)P dn

Q
2−m2ω

28 P < 0 Q > 0 m
2(m2−1)Q 2
(2m2−1)2P

− m2Q
(2m2−1)P cn

Q
2m2−1ω

29 1 2− 4m2 1 sn ω dn ωcn ω
30 m4 2 1 sn ω cn ωdn ω
31 1 m2 + 2 1− 2m2 +m4 dn ω cn ωsn ω
32 A
2(m−1)2
4
m2+1
2 + 3m (m−1)
2
4A2
dn ω cn ω
A(1+sn ω)(1+m sn ω)
33 A
2(m+1)2
4
m2+1
2 − 3m (m+1)
2
4A2
dn ω cn ω
A(1+sn ω)(1−m sn ω)
34 − 4m 6m−m2 − 1 −2m3 +m4 +m2 m cn ω dn ωm sn2ω+1
35 4m −6m−m2 − 1 2m3 +m4 +m2 m cn ω dn ωm sn2ω−1
36 1/4 1−2m
2
2 1/4
sn
1±cn ω
37 1−m
2
4
1+m2
2
1−m2
4
cn ω
1±sn ω
38 4m1 2+ 6m1 −m2 2+ 2m1 −m2 m2 sn ω cn ωm1−dn2ω
39 −4m1 2− 6m1 −m2 2− 2m1 −m2 −m2 sn ω cn ωm1+dn2ω
40 2−m
2−2m1
4
m2
2 − 1− 3m1 2−m
2−2m1
4
m2 sn ω cn ω
sn2ω+(1+m1)dn ω−1−m1
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Case P Q R F(ω)
41 2−m
2+2m1
4
m2
2 − 1+ 3m1 2−m
2+2m1
4
m2 sn ω cn ω
sn2ω+(−1+m1)dn ω−1+m1
42 −(m2 + 2m+ 1)B2 2m2 + 2 2m−m2−1
B2
m sn2ω−1
B(m sn2ω+1)
43 −(m2 − 2m+ 1)B2 2m2 + 2 − 2m+m2+1
B2
m sn2ω+1
B(m sn2ω−1)
44 C
2m4−(B2+C2)m2+B2
4
m2+1
2
m2−1
4(C2m2−B2)

(B2−C2)
(B2−C2m2)+sn ω
B cn ω+C dn ω
45 B
2+C2m2
4
1
2 −m2 14(C2m2+B2)

(C2m2+B2−C2)
(B2+C2m2) +cn ω
B sn ω+C dn ω
46 B
2+C2
4
m2
2 − 1 m
4
4(C2+B2)

(B2+C2−C2m2)
(B2+C2) +dn ω
B sn ω+C cn ω
Appendix B
The Weierstrass-elliptic function solutions for Eq. (5), where D = (−5Q±
√
9Q 2−36PR)
2 and ℘
′(ω; g2, g3) = d℘(ω;g2,g3)dω .
Case g2 g3 F(ω)
47 43 (Q
2 − 3PR) 4Q27 (−2Q 2 + 9PR)

1
P (℘(ω; g2, g3)− 13Q )
48 43 (Q
2 − 3PR) 4Q27 (−2Q 2 + 9PR)

3R
3℘(ω;g2,g3)−Q
49 −(5QD+4Q
2+33PQR)
12
21Q 2D−63PRD+20Q 3−27PQR
216
√
12R℘(ω;g2,g3)+2R(2Q+D)
12℘(ω;g2,g3)+D
50 112Q
2 + PR 1216Q (36PR− Q 2)
√
R[6℘(ω;g2,g3)+Q ]
3℘′(ω;g2,g3)
51 112Q
2 + PR 1216Q (36PR− Q 2) 3℘
′(ω;g2,g3)√
P[6℘(ω;g2,g3)+Q ]
52 2Q
2
9
Q 3
54
Q
√−15Q/2P ℘(ω;g2,g3)
3℘(ω;g2,g3)+Q , R = 5Q
2
36P
Appendix C
The Jacobi-elliptic functions degenerate into hyperbolic functions whenm → 1 as:
sn ω→ tanhω, {cn ω, dn ω} → sechω, {sc ω, sd ω} → sinhω,
{ds ω, cs ω} → csch ω, {nc ω, nd ω} → coshω, ns ω→ cothω, {cd ω, dc ω} → 1.
The Jacobi-elliptic functions degenerate into trigonometric functions whenm → 0:
{sn ω, sd ω} → sinω, {cn ω, cd ω} → cosω, sc ω→ tanω,
{ns ω, ds ω} → cscω, {nc ω, dc ω} → secω, cs ω→ cotω, {dn ω, nd ω} → 1.
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